Abstract. Let N be a normal subgroup of the finite group X and let G ¼ X =N. It is well known that the number kðX Þ ¼ jIrrðX Þj of conjugacy classes (irreducible characters) of X is bounded above by the product kðNÞkðGÞ. For more precise results one has to determine, for any y A IrrðNÞ, the number of G-conjugates of y and the number k y ðGÞ of irreducible characters of X lying above y. Cli¤ord theory reduces the computation of k y ðGÞ to the situation where N ¼ Z is central in X , and then it only depends on the Cli¤ord obstruction m ¼ m G ðyÞ. The class number k m ðGÞ is defined for any m A H 2 ðG; C Ã Þ, and behaves well when passing to isoclinic central extensions. Suppose that m 0 1. There are examples where k m ðGÞ ¼ 1, in which case X is a group of central type, and examples where k m ðGÞ ¼ kðGÞ is as large as possible. In the first case G must be solvable (Howlett-Isaacs). The latter case can happen when G is perfect but not when G is a simple or, more generally, a quasisimple group.
Good conjugacy classes and extendable characters
Let X be a group with normal subgroup N and finite quotient group G ¼ X =N. An element g A G is called good for N if C X ðxÞN=N ¼ C G ðgÞ for all x A g (with Nx ¼ g). This only depends on the conjugacy class g G of g in G, and we speak of goodness for N of g G . Of course if g is good for N then so is each generator of hgi. Suppose that X is finite in what follows, and let kðX Þ denote its number of conjugacy classes.
The identity element g ¼ 1 of G is good for N if and only if elements of N which are conjugate in X are already N-conjugate or, equivalently, G fixes each conjugacy class of N. Then the group X =C X ðNÞN of class-preserving outer automorphisms of N induced by G is solvable by a result of Sah [12, Theorem 2.10] (using the Schreier conjecture). If N is abelian, g ¼ 1 is good for N just when N is central in X , and then each conjugacy class of G is good for N precisely when no non-trivial element of N is a commutator in X .
Lemma 1 (Gallagher) . We have the estimate kðX Þ c kðNÞkðGÞ, with equality if and only if each conjugacy class of G is good for N.
For a proof see Gallagher [5] or [14, Theorem 1.7a ]. Improvement of the estimate requires knowledge on the fusion of the conjugacy classes of N under the action of G.
Recall that kðNÞ ¼ jIrrðNÞj equals the number of (complex) irreducible characters of N, and G has the same number of orbits on IrrðNÞ as on the conjugacy classes of N (Brauer). So one has to determine, for any y A IrrðNÞ, the number of G-conjugates of y and the cardinality of the set IrrðX jyÞ of irreducible characters of X lying above y. In computing jIrrðX jyÞj we may assume that y is G-stable, because induction of characters is a bijection from IrrðTjyÞ onto IrrðX jyÞ where T=N ¼ I G ðyÞ is the inertia group (stabilizer) of y in G (Cli¤ord). Then an element x A X is called good for y if y can be extended to Nhx; yi for all y A X for which the commutator ½x; y ¼ x À1 y À1 xy ¼ x À1 x y is in N. This again only depends on the conjugacy class of g ¼ Nx in G. If there is w A IrrðX Þ extending y, then y is G-invariant and IrrðX jyÞ ¼ fwc : c A IrrðGÞg has cardinality kðGÞ; see [11, Theorem 6.16] .
Lemma 2 (Gallagher) . Suppose that y A IrrðNÞ is G-invariant. Then jIrrðX jyÞj is just the number k y ðGÞ of conjugacy classes of G which are good for y.
Stable Cli¤ord theory reduces the proof of this lemma to the situation where N ¼ Z is central in X (but see [5] for a direct approach). There is a distinguished cohomology class m G ðyÞ A H 2 ðG; C Ã Þ ('Cli¤ord obstruction') which vanishes if and only if y is extendable to X ; see [11, Theorem 11.7] . Here the multiplicative group C Ã of the complex number field is viewed as a trivial G-module. Let a be any 2-cocycle of finite order in the class m G ðyÞ. There is much freedom in choosing such a cocycle. Using that C Ã is divisible (and hence the group of 2-coboundaries of G) one even finds a cocycle in the class m G ðyÞ having the same (minimal) order. Note that H 2 ðG; C Ã Þ is the dual (character) group of the (finite) Schur multiplier MðGÞ ¼ H 2 ðG; ZÞ of G (by virtue of the universal coe‰cient exact sequence; cf. Section 2). Now let Z be the (finite) cyclic group generated by the values of a, and let Z qX X ! ! G be the central extension (crossed product) to this cocycle.
Stable Cli¤ord correspondence.
There is an irreducible characterŷ y of the fibre product X D GX X (amalgamating G) which restricts to y Âỹ y À1 on N Â Z for some linear characterỹ y of Z. Then m G ðỹ yÞ ¼ m G ðyÞ, and z 7 ! z nŷ y is a bijection from IrrðX X jỹ yÞ onto IrrðX jyÞ.
For a proof see [11, Theorem 11.28] or [14, Theorem 1.9c] . Note that the restrictions m H ðỹ yÞ, m H ðyÞ agree for all subgroups H of G. Hence in order to settle Lemma 2 we may pick X ¼X X , N ¼ Z, and we may assume that the linear character y of Z is faithful. Then a coset Zx, x A X , is good for y precisely when it is good for Z (see Proposition 3 (c) below), in which case ½x; y ¼ 1 for all y A C X ðZxÞ. By Frobenius reciprocity the induced character is Ind X Z ðyÞ ¼ P w A IrrðX jyÞ wð1Þw, and this vanishes outside Z and is jGjy on Z. Using the identity
wð½x; yÞ for any w A IrrðX Þ (see [11, Problem 3.12] or [14, (1.3c)]), and the fact that ð1=jX jÞ
yð½x; yÞ:
For each x A X , the assignment y 7 ! yð½x; yÞ is a linear character of C X ðZxÞ, and this is trivial if and only if Zx is good for Z. Otherwise P y A C X ðZxÞ yð½x; yÞ ¼ 0 by the first orthogonality relations. Hence
where G is the set of elements of G which are good for y. By the counting principle this equals ð1=jGjÞ
The proof is completed using the CauchyFrobenius-Burnside fixed point formula. (This fills a gap in the discussion leading to [14, Theorem 1.10a ]. An alternate approach to Lemma 2 will be given in the proof for Proposition 7 below.)
Remark. Combining Lemma 2 with Cli¤ord's first theorem (mentioned above) we obtain the following Cli¤ord-Gallagher formula:
The G-orbit structure of IrrðNÞ is an essential ingredient here. For instance in [14] , treating the case that G acts faithfully on the abelian group N ¼ V (with coprime order), a crucial fact is the existence of a regular orbit. However, in the present paper we restrict attention to the computation of the class numbers. So fixing y A IrrðNÞ we may let G ¼ I G ðyÞ and then, by virtue of the stable Cli¤ord correspondence, the class number k y ðGÞ ¼ k m ðGÞ only depends on the Cli¤ord obstruction m ¼ m G ðyÞ. Conversely, given any m A H 2 ðG; C Ã Þ the class number k m ðGÞ is defined (see Section 2). As a consequence we only shall deal with central extensions (of a fixed finite group G). If N ¼ Z is central in X of finite order, the Cli¤ord-Gallagher formula simply reads kðX Þ ¼ P y A IrrðZÞ k y ðGÞ. We have k l ðGÞ ¼ k y ðGÞ if l and y generate the same subgroup of the character group of Z, and k l ðGÞ d k y ðGÞ if l A hyi. This is immediate from the following result. 
Isoclinism
Morphisms of central extensions of G are understood as group homomorphisms inducing the identity 1 G on G. If Z q X ! ! G is a central extension, let g X : G ð2Þ ! X 0 denote the commutator mapping given by g X ðZx; ZyÞ ¼ ½x; y. The (left, right) radical of g X is ZðX Þ=Z consisting of all g A G such that g X ðg; hÞ ¼ 1 for all h A G. We say that X is isoclinic with some other central extension
0 of the commutator subgroups such that t g X ¼ g X 0 . This is an equivalence relation on the central extensions of G, and the radical
only depends on the isoclinism class I of the central extensions. Thus our concept of 'isoclinism', adapted to central extensions of G, is slightly stronger than the usual one (introduced by Hall in [8] ).
Lemma 4 (Schur and Hall).
Suppose that Z q X ! ! G is a central extension of G belonging to some isoclinism class I.
(a) There is a natural homomorphism r X : MðGÞ ! Z whose image is X 0 V Z, the kernel kerðr X Þ ¼ M J being an invariant of I. More precisely, if X is isoclinic with X 0 via t :
There is a central extension Z 0 q X 0 ! ! G in I such that r X 0 : MðGÞ ! Z 0 is an epimorphism ('stem extension'), and then the order of X 0 is minimal ( finite) in I.
(c) Given any subgroup M of MðGÞ there is a unique isoclinism class I M such that M I M ¼ M. In particular, the 'Schur covers'Ĝ G of G, where M ¼ 1 and rĜ G is an isomorphism of MðGÞ onto kerðĜ G ! ! GÞ, belong to a unique isoclinism class
Proof. For convenience we give some details of the proof (see also [18, Chapter 2, §9). Let R q F ! ! G be a free presentation of G, and letF
We have a free central extensionR R qF F ! ! G, whereF F 0 is an invariant of G. By the Hopf-Schur formula we may identify MðGÞ ¼R R VF F 0 . For any free generator t of F choose x t A X such that Rt ¼ Zx t . By the universal property of free groups, and since Z is central in X , the assignments t 7 ! x t define a homomorphism r :F F ! X of central extensions of G (lifting 1 G ). Let r X be the restriction toF F 0 of r. This is determined by X , because if r 0 :F F ! X is another homomorphism lifting 1 G , then rðuÞ ¼ z u r 0 ðuÞ for each u AF F and some z u A Z (central in X ), whence r X ð½u; vÞ ¼ ½rðuÞ; rðvÞ ¼ ½r 0 ðuÞ; r 0 ðvÞ ¼ r 0 ð½u; vÞ
0 , this gives t r X ¼ r X 0 , as desired. In particular, kerðr X 0 Þ and kerðr X Þ agree, being a subgroup of MðGÞ ¼R R VF F 0 . Conversely, suppose that kerðr Remarks. The map r X : MðGÞ ! Z only depends on the cohomology class of the central extension Z q X ! ! G, and it is the zero map if and only if X 0 V Z ¼ 1, in which case X is determined by the abelian extension
This yields the universal coe‰cient exact sequence ExtðG=G 0 ; ZÞ q H 2 ðG; ZÞ ! ! r HomðMðGÞ; ZÞ:
Note that ExtðG=G 0 ; ZÞ ¼ 1 if Z is a divisible group, e.g., for Z ¼ C Ã . In the sequel we identify H 2 ðG; C Ã Þ with the character group of MðGÞ (through the isomorphism obtained from the universal coe‰cient sequence). In general the map r X fits into the exact Ganea sequence 
is the unique (universal) Schur cover of G, up to isomorphism. In this case we may identify kerðĜ G ! ! GÞ ¼ MðGÞ (and rĜ G ¼ 1 MðGÞ ). We have MðĜ GÞ ¼ 1, and every automorphism of G lifts to one ofĜ G. Proof. (a) Let t : X 0 ! @ X 0 0 be an isoclinism between X and X 0 . By definition an element g A G is good for Z if and only if from g X ðg; hÞ A Z it follows that g X ðg; hÞ ¼ 1 (h A G). Now g X ðg; hÞ A Z just means that the elements g, h are permutable in G. Hence if g X ðg; hÞ A Z then g X 0 ðg; hÞ A Z 0 , and vice versa. Now use that t g X ¼ g X 0 . This gives the first statement.
Suppose that both X and X 0 are stem extensions. Then Z G Z 0 via t. Let y 0 A IrrðZ 0 Þ, and let y ¼ y 0 t Z be the corresponding character of Z. The conjugacy classes of G which are good for y are just those which are good for Z=kerðyÞ (by Proposition 3), and the same statement holds for y 0 . It is obvious that X =kerðyÞ and X 0 =kerðy 0 Þ are isoclinic stem extensions of G. Hence k y ðGÞ ¼ k y 0 ðGÞ from what we have already proved. Using finally the Cli¤ord-Gallagher formula (for X and X 0 ) we get that kðX Þ ¼ kðX 0 Þ.
(b) Recall that we identify H 2 ðG; C Ã Þ with the character group of MðGÞ. Therefore the Cli¤ord obstruction m G ðyÞ ¼ y r X is nothing but composition with y of the natural map r X : MðGÞ ! Z introduced in Lemma 4. By duality this just means that m G ðyÞ is the image of y under the transgression map HomðZ; 
is an isomorphism which is the restriction to M of an isoclinismĜ 
Twisted group algebras
Let m A H 2 ðG; C Ã Þ. Choosing any 2-cocycle a with class m, the twisted group algebra A ¼ C a ½G is defined as the C-algebra with basis G and C-bilinear multiplication given by g Ã h ¼ aðg; hÞðghÞ. By the usual properties of 2-cocycles A is an associative C-algebra whose isomorphism type only depends on the cohomology class m. So we simply write A ¼ C m ½G.
Lemma 6 (Isaacs).
The center ZðAÞ of the (semisimple) algebra A ¼ C m ½G has dimension k m ðGÞ. This is immediate from Lemma 2. In fact, the simple A-modules correspond to the irreducible projective representations of G in the class m, which in turn lift to ordinary representations of the Schur coverĜ G fixed above; see [11, Chapter 11] . In this manner the isomorphism classes of simple A-modules are in 1-1 correspondence with IrrðĜ G j m r
which is independent of the particular Schur cover of G; cf. the first part of the proof of Proposition 7.) For a direct approach to Lemma 6 the reader is referred to Isaacs [11, Problems 11.2-11.8]. We wish to 'visualize' this in terms of the characters involved. Proof. Without loss we assume that y is faithful (so that Z is cyclic). Let e y ¼ ð1=jZjÞ P z A Z yðz À1 Þz be the centrally primitive idempotent of C½Z associated to y. Then e y z ¼ yðzÞe y for z A Z, and e y is a central idempotent of C½X (embedding C½Z into C½X ). We may identify C m ½G ¼ e y C½X with the corresponding ideal direct summand of this group algebra, because if fx g g g A G is a transversal to Z in X and f ðg; hÞ ¼ x À1 gh x g x h is the corresponding factor set, then a ¼ y f is a cocycle with class m and ðe y x g Þðe y x h Þ ¼ e y f ðg; hÞx gh ¼ aðg; hÞðe y x gh Þ:
Since the e l for l A IrrðZÞ are pairwise orthogonal central idempotents of C½X , we have C½X ¼ 0 l A IrrðZÞ e l C½X ; see [4, Lemma I.7.3] . This shows that fe y x g g g A G is a basis for e y C½X . (We may also identify C m ½G with the opposite endomorphism ring of the C½X -module induced from a C½Z-module a¤ording y; see [14, p. 13] .) For w A IrrðX jyÞ (linearly extended to C½X ) and x A X we have wðe y xÞ ¼ wðxÞ, whereas wðe y xÞ ¼ 0 if w A IrrðX Þ does not lie above y. This gives the first assertion since ZðC m ½GÞ ¼ e y ZðC½X Þ. Let x A X and let w, c in IrrðX jyÞ. For z A Z we have wðzxÞ ¼ yðzÞwðxÞ and cðzxÞ ¼ yðzÞcðxÞ, hence ðwcÞðzxÞ ¼ wðzxÞcðzxÞ ¼ yðzÞwðxÞyðzÞ À1 cðxÞ ¼ ðwcÞðxÞ:
Suppose that g ¼ Zx is not good for y. Then by Proposition 3 there is z 0 1 in Z such that x is conjugate to zx in X . It follows that wðxÞ ¼ wðzxÞ ¼ yðzÞwðxÞ ¼ 0, because y is faithful (and z 0 1). If g ¼ Zx is good for y, then jx X j ¼ jg G j.
Let G be the set of elements of G which are good for y (or Z). We have seen that the inner product hw; ci ¼ ð1=jGjÞ P g A G ðwcÞðgÞ (which is 1 if w ¼ c and 0 otherwise). Let fg j g be a set of representatives for the conjugacy classes of G which are good for y, and let x j A X be such that Zx j ¼ g j . If wðx j Þ ¼ cðx j Þ for all j, then the characters w, c agree since they are class functions and wðzx j Þ ¼ cðzx j Þ for all z A Z.
Let Irr
Ã ðX Þ denote the set of irreducible characters of X which are faithful on Z. This is the disjoint union of the IrrðX jy n Þ where n varies over the prime residue classes mod jZj. All of these subsets have the same cardinality since they are algebraically conjugate (or via certain Adams operations). By the second orthogonality relations, for any g A G and any subgroup Z 0 of Z we have
because g is good for Z=Z 0 . Using that IrrðX Þ ¼ U l A IrrðZÞ IrrðX jlÞ and that P d j jZj jðdÞ ¼ jZj we get
In view of the identity ð * Þ (given in Section 1), from this we recover Lemma 2. Now let k ¼ k y ðGÞ and IrrðX jyÞ ¼ fw 1 ; . . . ; w k g, so that S ¼ ðw r ðx j ÞÞ is a square matrix. By the first orthogonality relations, and by what has been already proved,
Letting D be the (diagonal) matrix with entries 
The central and eccentric types
Let m A H 2 ðG; C Ã Þ. By Lemma 6 the twisted group algebra C m ½G is a full (complex) matrix ring (and so jGj a square) if and only if k m ðGÞ ¼ 1. In this case, assuming that G 0 1 (or m 0 1Þ, the class m is said to be of central type. The groups G admitting such a cohomology class m have been investigated thoroughly (e.g., in [3] , [7] , [10] ). Recall that this means that there is a stem extension Z q X ! ! G where Z 0 1 is cyclic a¤ording a faithful linear character y such that IrrðX jyÞ ¼ fwg for some unique irreducible character w of X . By Lemma 6 then the degree wð1Þ ¼ jGj 1=2 , and w vanishes o¤ Z ¼ ZðX Þ by Proposition 7. Examples of such groups X are the extraspecial p-groups, with p a prime. Confirming a long-standing conjecture, Howlett and Isaacs [10] have shown that groups of central type are solvable; their proof uses the classification of the finite simple groups.
Example. Suppose that jGj > 1 is a square and that there is m A H 2 ðG; C Ã Þ of order jGj 1=2 (which is as large as possible by a result of Schur). Then m is of central type and generates H 2 ðG; C Ã Þ. There are examples where the derived length (¼ nilpotency length) of G is 3, and this is the maximal derived length for such groups (as shown in [7] on the basis of the Howlett-Isaacs theorem). Let P be a Sylow p-subgroup of G for some prime p dividing jGj. Then P is abelian (homocyclic) of type ð p a ; p a Þ for some a d 1 and the restriction m P of m to P is cyclic of order p a ; see [7] . Also, the normalizer N G ðPÞ acts on P as a subgroup of Sp 2 ð pÞ since it respects some nondegenerate commutator form on the Frattini quotient of P. Therefore by Burnside's transfer theorem either O p ðGÞ ¼ G or G has a normal p-complement; see [7] . At this stage, one can prove solvability of G as follows:
Suppose that p is the smallest prime divisor of jGj. If p is odd, then G has a normal p-complement, and we may proceed by induction. So let p ¼ 2. Then by a result of Brauer [4, Theorem XII.5.1] we are left with the case a ¼ 1 (P a four-group) and jN G ðPÞ=C G ðPÞj ¼ 3. Let then Q be a (homocyclic) Sylow 3-subgroup of G. By the structure of Sp 2 ð3Þ, either N G ðQÞ ¼ C G ðQÞ and G has a normal 3-complement, or N G ðQÞ=C G ðQÞ has order 2 and inverts the elements of Q. In the latter case G cannot be perfect by a result of Smith and Tyrer [4, Theorem XII4.1], and the result follows by induction.
We say that the cohomology class m is of eccentric type if m 0 1 but k m ðGÞ ¼ kðGÞ is as large as possible. In this case the restriction m H to any abelian subgroup H of G having two generators is trivial (but m 0 1). It is not quite obvious that groups G with this property do exist. The projective linear group G ¼ PSL 2 ðqÞ, where q is a power of an odd prime, is close to being of this kind. Excluding a few cases MðGÞ has order 2 here, and we have k m ðGÞ ¼ kðGÞ À 1 for the unique non-trivial m. This follows by inspection of the character table for SL 2 ðqÞ given in Schur [15] . Example 1. Let X be a Schur cover of an elementary abelian p-group E of order p n for some prime p. Then MðEÞ G E5E is elementary abelian of order p nðnÀ1Þ=2 ; see [1, Lemma 7.1]. There are at most jX =ZðX Þj 2 ¼ p 2n commutators in X , and there are just ð p nðnÀ1Þ=2 À 1Þ=ð p À 1Þ subgroups of order p in X 0 ¼ ZðX Þ. Thus, if n > 5, there is a subgroup Z of ZðX Þ of order p which does not contain a non-trivial commutator in X . We have a stem extension Z q X ! ! G where each conjugacy class of G is good for Z. Thus k m ðGÞ ¼ kðGÞ if m A H 2 ðG; C Ã Þ corresponds to a non-trivial linear character of Z. Example 2. Let G ¼ Q 8 y Z 8 be the semidirect product of the quaternion group Q 8 of order 8 acting on the cyclic group Z 8 with kernel ZðQ 8 Þ. Let V ¼ hzi Â hxi where Z ¼ hzi has order 2 and hxi has order 8. The group of all automorphisms of V normalizing (centralizing) Z is elementary abelian of order 2 3 . There is thus an action of Q 8 on V with kernel ZðQ 8 Þ such that Z is invariant but hxi is not, and such that Q 8 induces on the cyclic group V =Z of order 8 the full automorphism group. Let X ¼ Q 8 y V be the corresponding semidirect product. Then we have a central extension Z q X ! ! G. Since hxi is not normalized by Q 8 (but so is the Frattini subgroup hx 2 i of V ), ½V ; Q 8 is the maximal subgroup of V containing Z. Thus X is a stem extension. If v A V and g A Q 8 are such that ½v; g B hx 2 i, then ½v; g has order 4 at least. Hence z is not a commutator in X and so kðX Þ ¼ 2kðGÞ. If y is the non-trivial linear character of Z, m ¼ m G ðyÞ is eccentric.
Example 3. Let G be the maximal Frattini F 2 -extension of G ¼ A 5 . So we have a group extension V q G ! ! G where V is an F 2 G-module contained in the Frattini subgroup of G such that every other such Frattini F 2 -extension of G is an epimorphic image of G. The module V was determined by R. L. Griess and the author some thirty years ago: it is an indecomposable F 2 G-module of order 2 5 where the radical JðV Þ is irreducible of order 2 4 with trivial 2-cohomology (see [9, p. 120] ). Hence G ¼ G 0 is perfect, ZðGÞ ¼ 1 and G=JðV Þ G SL 2 ð5Þ. As observed in [9] , MðGÞ has order 2, and it is given by a presentation of the Schur coverĜ G of G. From this one obtains that the generator of ZðĜ GÞ is not a commutator inĜ G. Consequently is a linear character of M ¼ kerðĜ G ! ! GÞ,Ĝ G being a fixed Schur cover of G. Let Z ¼ M=kerðyÞ and X ¼Ĝ G=kerðyÞ. Then Z is cyclic of order oðmÞ. By Proposition 3, k m ðGÞ is the number of conjugacy classes of G which are good for Z. Let p be a prime dividing jGj, and let P ¼P P=Z be a Sylow p-subgroup of G. The restriction map H 2 ðG; C Ã Þ ! H 2 ðP; C Ã Þ is known to be injective on the p-component (cf. [19, Theorem 8.4] ). Thus m P has order jZ p j, where Z p G Z=Z p 0 is the p-component of Z. By Proposition 3, each element of P is good for Z=Z p , and it is good for Z if and only if it is good for Z=Z p 0 . Let x, y be elements of X such that ½x; y A Z. Decompose x ¼ x p x p 0 ¼ x p 0 x p and y ¼ y p y p 0 ¼ y p 0 y p into their p-and p 0 -components (belonging to hxi resp. h yi). Then ½x p ; y p A Z and so both Zx p , Zy p belong to some conjugate of P (Sylow). By elementary properties of commutators we have ½x p ; y p A Z p , ½x p ; y p 0 ¼ 1 ¼ ½x p 0 ; y p and ½x p 0 ; y p 0 A Z p 0 . Moreover, ½x; y ¼ ½x p ; y p ½x p 0 ; y p 0 .
Suppose that Z p 0 1 and that each element of P is good for Z=Z p 0 (so that m P is eccentric). Then ½x p ; y p ¼ 1 and ½x; y ¼ ½x p 0 ; y p 0 . Proceeding by decomposing x p 0 , y p 0 into their primary components this gives the 'if ' part of the proposition for the eccentric type. The other direction is obvious.
If m is of central type and P 0 1, then we must have Z p 0 1, for otherwise the elements of P would be good for Z, and m P is of central type. Conversely, suppose that m P is of central type. Let w A IrrðX jyÞ. Since all irreducible constituents of wP P lie above y, by Propositions 7 and 3 the restriction to P of the character jwj 2 of G van-ishes on all non-trivial elements of P and thus is a multiple of the regular character of P. Hence jPj is a divisor of wð1Þ 2 . If the corresponding statement holds for all primes dividing jGj, then necessarily jGj ¼ wð1Þ 2 and w vanishes o¤ Z ¼ ZðX Þ; see [11, p. 28] . But then no element 0 1 of G is good for Z by Proposition 7, that is, m is of central type. r It follows from Proposition 8 that if G admits a cohomology class of central type, all Sylow subgroups of G are capable. If G admits a cohomology class m of eccentric type and p is a prime divisor of oðmÞ, then the Sylow p-subgroups of G cannot be abelian, and they cannot be dihedral when p ¼ 2. (For dihedral 2-groups the multiplier has order 2, and dihedral 2-groups are capable and not unicentral. This applies to G ¼ PSL 2 ðqÞ as discussed above.) Direct products of groups admitting cohomology classes of central (respectively eccentric) types have the corresponding property (in view of the Kü nneth theorem). If m is eccentric, then for any finite group H the cohomology class m Â 1 is eccentric in H 2 ðG Â H; C Ã Þ.
Remark. Let us say that G is an eccentric group if its multiplier is non-trivial and k m ðGÞ ¼ kðGÞ for all m A H 2 ðG; C Ã Þ. In a preliminary version of this paper the existence of eccentric groups was left as an (open) question. However, the nilpotent groups and perfect groups G in Examples 2, 3 above are indeed eccentric (we observe that jMðGÞj ¼ 2 also in Example 2; see below). The author is indebted to the referee of the paper for suggesting these two examples. Example 1 is due to E. C. Dade (see [5] 
We know already that MðGÞ 0 1. One can prove that jMðGÞj ¼ 2 using the Hochschild-Serre spectral sequence. Avoiding this machinery we argue on the basis of the Hopf-Schur formula (Lemma 4). Observe that
is a presentation by three generators and four defining relations; the relations imply that b 4 ¼ 1 and c 8 ¼ 1. This readily shows that MðGÞ is cyclic. The relation group R R ¼ R=½R; F of the associated free central extensionF F ¼ F =½R; F ¼ ha; b; ci of G is generated by
From MðQ 8 Þ ¼ 1 we infer that
m:G ¼ mr:G and we can compute kðGÞ and kðm:GÞ by means of the Cli¤ord-Gallagher formula, giving k m ðGÞ ¼ ðkðm:GÞ À kðGÞÞ=jðmÞ.
Sporadic groups. All necessary details can be found in the Atlas [2] . The Schur multipliers of the sporadic groups are cyclic, and only the cases m ¼ 2 or m ¼ 3 appear. If G 0 G, then G ¼ M 22 (with G ¼ r:G for r ¼ 2; 3; 4; 6), Suz or Fi 22 (with G ¼ r:G for r ¼ 2; 3). The result holds in each case.
Groups of Lie type. Let G ¼ GðqÞ be a simple group of Lie type and (untwisted) rank l, defined over the field with q elements where q is a power of the prime p. There are only 19 cases (counting some isomorphic groups several times) where MðGÞ has order divisible by p; see [6] . Then p ¼ 2 or 3, and all of these groups are treated in the Atlas [2] . So we are left with the cases where m 0 p. For instance, all groups G ¼ PSL 2 ðqÞ are ruled out where q is even, and if q is odd, then G ¼ G ¼ PSL 2 ðqÞ and m ¼ 2. In these remaining rank 1 casesĜ G ¼ 2:G ¼ SL 2 ðqÞ, and we already mentioned that here kð2:GÞ ¼ 2kðGÞ À 1. The theorem holds for the Suzuki group 2 B 2 ð8Þ ¼ Szð8Þ; all other Suzuki or Ree groups have trivial multiplier; see [6] . So it remains to investigate the cases where G is a Chevalley or a Steinberg group. In all remaining cases (A l ðqÞ for l d 2 and ðl; qÞ 0 ð2; 2Þ; ð2; 4Þ; ð3; 2Þ; 2 A l ðqÞ for l d 2 and ðl; qÞ 0 ð3; 2Þ; ð3; 3Þ; ð5; 2Þ; B l ðqÞ for l d 2 and ðl; qÞ 0 ð2; 2Þ; ð3; 2Þ; ð3; 3Þ; C l ðqÞ for l d 3 and ðl; qÞ 0 ð3; 2Þ; D l ðqÞ for l d 4 and ðl; qÞ 0 ð4; 2Þ; 2 D l ðqÞ for l d 4, and E 6 ðqÞ, 2 E 6 ðqÞ, E 7 ðqÞ), the Schur cover G G is the group of fixed points of a simply connected simple algebraic group under a Frobenius endomorphism. This follows, essentially, from the work by Steinberg [16] on 'universal Chevalley groups'; see [13, Theorem 4] The number of semisimple conjugacy classes ð p 0 -classesÞ ofĜ G equals q l : ðÅÞ
We assert that there is a p 0 -class of G which is not good for m. Assume the contrary. Let g A G be a p 0 -element. By Proposition 3 (b) there is a unique smallest subgroup Z g of Z such that g G is good for Z=Z g , and then there are exactly jZ=Z g j conjugacy classes ofĜ G mapping onto g G . By assumption and Proposition 3 (c) we have Z g J Z 0 (where m:G ¼Ĝ G=Z 0 ). Therefore the number of conjugacy classes ofĜ G mapping onto g G is divisible by m, and all of these classes ofĜ G are p 0 -classes. Conversely, every p 0 -class ofĜ G maps onto a p 0 -class of G. Consequently the number of p 0 -classes ofĜ G is divisible by m. But this contradicts ðÅÞ as m 0 p. Hence the assertion holds.
Alternating groups. If G ¼ A 6 or A 7 , then MðGÞ has order 6, and the result holds; see [2] . So let n 0 6; 7 (and n d 5). Then the Schur multiplier of G ¼ A n has order 2, so that G ¼ G and m has order m ¼ 2. Let s and t be elements ofĜ G mapping onto the double transpositions ð12Þð34Þ and ð12Þð45Þ in A n , respectively. It is shown in [19, p. 305 ] that Z ¼ ZðĜ GÞ is generated by the commutator ½s; t. Thus the conjugacy class of double transpositions in G ¼ A n is not good for Z, whence kðĜ GÞ < 2kðGÞ as desired. r
